Abstract: In the last 15 years the problems of stabilizability and stabilization of descriptor systems have received considerable attention. In this paper it will be shown that if the open-loop system exhibits impulsive behaviour, then the stability of the closedloop system is extremely sensitive to small delays. More precisely, if F is the feedback which leads to a stable and impulsive-free closed-loop system, then there exist numbers " j > 0 and s j 2 C with lim j!1 " j = 0 and lim j!1 Re s j = + 1 and such that the delayed closed-loop system obtained by applying the feedback u(t) = Fx(t ? " j ) has a pole at s j .
Introduction
, to mention just a few references. Stabilization (pole assignment) by feedback of the form u(t) = Fx(t) requires not only the closed-loop system to be stable (to have prescribed poles), but also that it be robust, in the sense that closed-loop stability (the con guration of the closed-loop poles) is insensitive to perturbations in the plant and controller data. The problem of robust pole placement for descriptor systems has for example been addressed in 11], where numerical procedures for generating robust feedback systems with prescribed poles are given. The perturbations considered in 11] are of the form E ; E + E ; A ; A + A : B ; B + B ; F ; F + F :
In this paper we consider perturbations which are induced by`small' time-delays in the feedback loop, symbolically u(t) = Fx(t) ; u(t) = Fx(t ? ") :
It will be shown that if the descriptor system to be controlled exhibits impulsive behaviour, then the stability of the feedback system is extremely sensitive to such perturbations. More precisely, if u(t) = Fx(t) is a feedback control which leads to a stable and impulsivefree closed-loop system, then there exist numbers " j > 0 and s j 2 C with lim j!1 " j = 0 and lim j!1 Re s j = + 1 and such that the delayed closed-loop system obtained by applying the feedback u(t) = Fx(t ? " j ) has a pole at s j .
The phenomenon of destabilization of feedback systems by arbitrarily small delays in the loop is not new and has been thoroughly studied in the context of in nite-diemnsional systems, but to the best of our knowledge has not been investigated for descriptor systems. It seems that the paper 1] by Barman et al. from 1973 is the rst one devoted to this topic. More recently, researchers working in control of partial di erential equations,`rediscovered' the destabilizing e ect of small delays in various examples involving vibrating systems, see for example Datko 5, 6] The paper is organized as follows. In Section 2 we present some preliminaries on descriptor systems which are needed later in the paper. In Section 3 we state a destabilization result from 13] for systems described by ill-posed (not necessarily rational) transfer function matrices. By`ill-posed' we mean, that the transfer function matrix is unbounded in any right-half plane of the complex plane. We then show that the crucial assumption in this result is always satis ed for improper rational matrices. In Section 4 we apply the results of Section 3 to descriptor systems with impulsive behaviour which are strongly stabilizable in the sense that there exists a feedback u(t) = Fx(t) which stabilizes the system and simultaneously eliminates its impulsive behaviour. The key idea here is to reformulate the closed-loop system as a system which has been obtained by applying output feedback to a controlled and observed descriptor system with improper transfer matrix. Finally, in Section 5 we consider dynamic feedback. We show that if an improper rational transfer function matrix can be stabilized in an L 2 -sense by dynamic feedback, then the closed-loop system can be destabilized by arbitrarily small delays in the feedback loop.
Notation: In the following let C := fs 2 C j Re s > g (where 2 R) and let C cl denote the closure of C , i.e. C cl = fs 2 C j Re s g. The eld of all meromorphic functions on C is denoted by M , while H 1 denotes the algebra of all bounded holomorphic functions de ned on C . Finally, if T is a matrix in C n n , then (T) and r(T) denote the spectrum and the spectral radius of T, respectively.
Preliminaries on Descriptor Systems
Consider a controlled descriptor system a of the form E _ x(t) = Ax(t) + Bu(t) ; (2.1) where E; A 2 R n n and B 2 R n m . For the rest of the paper we shall assume that (2.1)
is regular, i.e.
(A 1) det(sE ? A) 6 0 . If u(t) 0, then we obtain for t > 0 _ x 2 (t) = x 1 (t) and x 2 (t) = 0 :
Hence x 1 (t) = ?x 2 (0?) (t), and we see that system (2.2) shows impulsive behaviour. 3
Since in the following we will be interested in descriptor systems with impulsive behaviour it is important to have \nice" characterizations for the existence of impulsive behaviour.
Since (2.1) is regular there exist nonsingular matrices P; Q 2 R n n such that
where n 1 +n 2 = n, N 2 R n 2 n 2 and J 2 R n 1 n 1 are in Jordan form and N is nilpotent, see where the columns of the real matrix S span kerE \ kerB T and S T S = I. 
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The terminology introduced in the above de nition has its origin in the theory of abstract in nite-dimensional control systems. Roughly speaking, a well-posed transfer function can be realized by a \well-posed" state-space system and vice versa, see Salamon 17] and Weiss 20] . In many cases the transfer function of a descriptor system is an improper rational matrix, and hence ill-posed in the above sense. The next result shows that for a large class of ill-posed transfer functions arbitarily small delays lead to closed-loop poles with arbitrarily large real parts. In order to state the theorem we introduce some more notation. ( Here v(t) denotes the input into the feedback system. In order to apply the input-output results in Section 3, we introduce the controlled and observed descriptor system E _ x(t) = Ax(t) + Bu(t) ; y(t) = ?Fx(t) : (4.6) By an application of the output-feedback law u(t) = v(t) ? y(t ? ") to system (4.6) we obtain the same closed-loop system (4.5). Since the transfer function of (4. But this implies that lim j!1 j j j = 1, and so lim j!1 r(H(s j )) = 1. Since this is true for any sequence with lim j!1 js j j = 1, it follows that lim jsj!1 r(H(s)) = 1. A solution x(t) of equation (4.5) with v(t) 0 is called a mode of (4.5) if
x(t) = e s 0 t x 0 ; where s 0 2 C ; x 0 2 C n n f0g :
The number s 0 is called the exponent of the mode. Setting " (s) := sE ? A ? e ?"s BF ;
it is trivial to prove that (4.5) has a mode with exponent s 0 if and only if det " (s 0 ) = 0. We are now in the position to state and prove the main result of this paper. Remark 4.4 In Lemma 4.1, Proposition 4.2 and Theorem 4.3 we have assumed that (A 2) holds and that the feedback matrix F is strongly stabilizing. However, an inspection of the proofs in this section shows that we have never used the property that F is stabilizing in the sense that the exponents of the closed-loop modes have negative real parts. What actually has been used is that F renders the closed-loop system (4.5) Note that F(P; K) is the transfer function from (û 1 ;û 2 ) to (ŷ 1 ;ŷ 2 ) of the feedback system shown in Fig. 5 .1 (where the superscript^denotes Laplace transformation) if we take there " = 0. In the time-domain, De nition 5.1 means that L 2 -inputs (u 1 ; u 2 ) are mapped boundedly to L 2 -outputs (y 1 ; y 2 ). In the following the transfer function of the feedback system in Fig. 5 .1 is denoted by F " (P; K). Clearly, F 0 (P; K) = F(P; K). Moreover, setting K " (s) = e ?"s K(s), we see that F " (P; K) = K(I + PK " ) ?1 ?K " P(I + K " P) ? Theorem 5.3 Let P 2 R p m and K 2 R m p and suppose suppose that K stabilizes P. If P or K is improper, then there exist sequences (" j ) and (s j ) with " j > 0 ; " j ! 0 ; s j 2 C 0 ; Im s j ! 1 ; Re s j ! 1 and such that for any j 2 N, s j is a pole of P(s)K(s)(I + e ?" j s P(s)K(s)) ?1 , and hence of the overall closed-loop transfer function F " j (P; K) given by (5.4).
The above theorem shows that L 2 -stability which is robust with respect to small delays cannot be achieved if the system to be controlled or the controller is improper. Example 5.4 Consider the single-input system (2.2) with observation given by y(t) = (1; 0)x(t) = x 1 (t) :
This system has the transfer function P(s) = ?s, which is improper. Hence, by Theorem 5.3, there is no compensator of the form (5.2) which achieves robust closed-loop stability.
Remark 5.5 (i) Theorem 5.3 remains true if we replace the assumption that K stabilizes P by the weaker assumption that the rational matrix F(P; K) is proper (cf. Remark 4.4).
(ii) Suppose that system (5.1) is strongly stabilizable and strongly detectable y . Then it is not di cult to see that ind(E; A) > 1 if and only if the transfer function matrix
